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@ State-space models for networks (inc. SBM)
© Variational inference (inc. SBM)

© Extensions of SBM

@ (Variational) Bayesian model averaging

e Towards W-graphs

© Goodness-of-fit using network motif
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Heterogeneity in interaction networks
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ERTER RN S VSl Heterogeneity in networks

Understanding network structure
Networks describe interactions between entities.

Observed networks display heterogeneous topologies, that one would like to
decipher and better understand.
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ERTER RN S VSl Heterogeneity in networks

Understanding network structure

Networks describe interactions between entities.

Observed networks display heterogeneous topologies, that one would like to
decipher and better understand.

Dolphine social network. Hyperlink network.

[Newman and Girvan (2004)]
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Modeling network heterogeneity

Latent variable models allow to capture the underlying structure of a network (see
review [Matias and R. (2014)]).
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Modeling network heterogeneity

Latent variable models allow to capture the underlying structure of a network (see
review [Matias and R. (2014)]).

General setting for binary graphs. [Bollobés et al. (2007)]:

@ A latent (unobserved) variable Z; is associated with each node:
{Z,} iid ~m
o Edges Y; = I{i ~ j} are independent conditionally to the Z;'s:

{Yj} independent |[{Z;} : Pr{Yj =1} = ~(Z;, Z})
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ERTER RN S VSl Heterogeneity in networks

Modeling network heterogeneity

Latent variable models allow to capture the underlying structure of a network (see
review [Matias and R. (2014)]).

General setting for binary graphs. [Bollobés et al. (2007)]:

@ A latent (unobserved) variable Z; is associated with each node:
{Z,} iid ~m
o Edges Y; = I{i ~ j} are independent conditionally to the Z;'s:

{Yj} independent |[{Z;} : Pr{Yj =1} = ~(Z;, Z})

We focus here on model approaches, in contrast with, e.g.
@ Graph clustering [Girvan and Newman (2002)], [Newman (2004)];
@ Spectral clustering [von Luxburg et al. (2008)].
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Latent space models

State-space model: principle.
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Latent space models

State-space model: principle.

o Consider n nodes (i = 1..n);

@ Z; = unobserved position of no

e.g.

S. Robin (INRA / AgroParisTech)

{Z} iid ~N(0,)

L]
¥
3
10 12
¢ Ei B
19
v 1 $
i . i

Network analysis with SBM

LIP6, Paris

6/ 41



Latent space models

State-space model: principle.

o Consider n nodes (i = 1..n); -

@ Z; = unobserved position of no

e.g.
{Z} iid ~N(0,)

o Edge {Yj;} independent given {
e.g.

Pr{Y; =1} =(Z, Z)

Wz, 2') = (|2, Z'[])-
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Latent space models

State-space model: principle. 0 1 1 0 1
. . 0 01 0 1

o Consider n nodes (i = 1..n); 00 0 0 0
Y=]0 0001

0 0 0 0 O

@ Z; = unobserved position of node /,

e.g.
{Z} iid ~N(0,)

o Edge {Yj;} independent given {Z;},
e.g.

Pr{Y; =1} =(Z, Z)

Wz, 2') = (|2, Z'[])-
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A variety of state-space models

Continuous. Latent position models.
@ [Hoff et al. (2002)]:

Z € RY, logit[y(z,2')] = a— |z — Z/|

@ [Handcock et al. (2007)]:

Z ~ Y peNa(pi, 07 1)
k

@ [Lovdsz and Szegedy (2006)]:
Z;i ~ U 1, Y(z,2') [0, 1]2 — [0, 1] =: graphon function

@ [Daudin et al. (2010)]:

Z; € Sk, Y(z,2') = szzé'ykg
kot
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Stochastic Block Model (SBM)

A mixture model for random graphs.
[Nowicki and Snijders (2001)]
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Stochastic Block Model (SBM)

A mixture model for random graphs.
[Nowicki and Snijders (2001)]

e Consider n nodes (i = 1..n); Y ®
@ Z; = unobserved label of node i: @
(Z}iid ~ M(1;7) o o
°® o

m = (m1,...TK);
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Stochastic Block Model (SBM)

A mixture model for random graphs.
[Nowicki and Snijders (2001)]

o Consider n nodes (i = 1..n); [ Y — Y
@ Z; = unobserved label of node i: Y'Q.Y.. 2“&?00
(Z}iid ~ M(L;7) o *
,Y.; “. 'Y.. 2

m = (m1,...TK);

o Edge Yj; depends on the labels:
{Yj} independent given {Z;},

Pr{Yj =1} =1(Z, )
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Stochastic Block Model (SBM)

A mixture model for random graphs.
[Nowicki and Snijders (2001)]

e Consider n nodes (i = 1..n);

@ Z; = unobserved label of node i:
. o
{Z;} iid ~ M(1;7) .\
m = (71, ... TK);

o Edge Yj; depends on the labels:
{Yj} independent given {Z;},

Pr{Y; =1} =(Z, Z)
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Variational inference
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Incomplete data models

Aim. Based on the observed network Y = (Yj;), we want to infer
@ the parameters
0= (m,7)

@ the hidden states
Z=(Z)
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AEUENILEIRINEIEHCI  Incomplete data models

Incomplete data models

Aim. Based on the observed network Y = (Yj;), we want to infer
@ the parameters
0= (m,7)

@ the hidden states
Z=(Z)

State space models belong to the class of incomplete data models as
@ the edges (Yj) are observed,
@ the latent positions (or status) (Z;) are not.

— usual issue in unsupervised classification.
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Frequentist maximum likelihood inference

Likelihood. The (log-)likelihood

log P(Y;6) =log > P(Y,Z;0)

can not be computed.
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Variational inference Incomplete data models

Frequentist maximum likelihood inference

Likelihood. The (log-)likelihood

log P(Y;6) =log > P(Y,Z;0)

can not be computed.

EM trick. But it can be decomposed as

log P(Y;0) =log P(Y,Z;6) —log P(Z|Y;6),
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Variational inference Incomplete data models

Frequentist maximum likelihood inference

Likelihood. The (log-)likelihood

log P(Y;6) =log > P(Y,Z;0)

can not be computed.

EM trick. But it can be decomposed as
log P(Y;0) =log P(Y,Z;6) —log P(Z|Y;6),
the conditional expectation of which gives

Ellog P(Y;0)|Y] = E[logP(Y,Z;0)|Y] - E[log P(Z|Y;0)|Y]

S. Robin (INRA / AgroParisTech) Network analysis with SBM LIP6, Paris 11 /41



Variational inference Incomplete data models

Frequentist maximum likelihood inference

Likelihood. The (log-)likelihood

log P(Y;6) =log > P(Y,Z;0)

can not be computed.

EM trick. But it can be decomposed as
log P(Y;0) =log P(Y,Z;6) —log P(Z|Y;6),
the conditional expectation of which gives

Eflog P(Y;6)|Y] = Ellog P(Y,Z;6)|Y] - E[log P(Z|Y;6)|Y]
log P(Y;0) = E[logP(Y,Z;0)|Y]+H[P(Z|Y;0)]

where H stands for the entropy.
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EM algorithm

Aims at maximizing the log-likelihood
log P(Y;6)

through the alternation of two steps [Dempster et al. (1977)]
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EM algorithm

Aims at maximizing the log-likelihood
log P(Y;6)
through the alternation of two steps [Dempster et al. (1977)]

M-step: maximize E[log P(Y, Z;0)|Y] with respect to 6
— generally similar to standard MLE.
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Aims at maximizing the log-likelihood
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through the alternation of two steps [Dempster et al. (1977)]

M-step: maximize E[log P(Y, Z;0)|Y] with respect to 6
— generally similar to standard MLE.

E-step: calculate P(Z|Y) (at least, some moments)

— sometimes straightforward (independent mixture models: Bayes formula)
— sometimes tricky but doable (HMMs: forward-backward recursion)
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EM algorithm

Aims at maximizing the log-likelihood
log P(Y;6)
through the alternation of two steps [Dempster et al. (1977)]

M-step: maximize E[log P(Y, Z;0)|Y] with respect to 6
— generally similar to standard MLE.

E-step: calculate P(Z]Y) (at least, some moments)

— sometimes straightforward (independent mixture models: Bayes formula)
— sometimes tricky but doable (HMMs: forward-backward recursion)

— sometimes impossible (SBM: ...)
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Conditional distribution of Z

EM works provided that we can calculate

P(Z|Y;0)
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EM works provided that we can calculate @ @
P(Z|Y;0)
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EM works provided that we can calculate e e
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Conditional distribution of Z

EM works provided that we can calculate

P(Z|Y;0)

but t for stat dels f (N
ut we can not for state space models for (- @ X,
graph.
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Conditional distribution of Z

EM works provided that we can calculate

P(Z|Y;0) e'e

but we can not for state space models for e
graph.

Conditional distribution. The dependency graph of Z given Y is a clique.
— No factorization can be hoped (unlike for HMM).

— P(Z]Y;6) can not be computed (efficiently).

— Variational techniques may help as they provide

QR(Z) ~ P(Z]Y).
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Variational inference

Lower bound of the log-likelihood. For any distribution Q(Z) [Jaakkola
(2000),Wainwright and Jordan (2008)],

log P(Y) > logP(Y)— KL[Q(Z),P(Z]Y)]
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Variational inference

Lower bound of the log-likelihood. For any distribution Q(Z) [Jaakkola
(2000),Wainwright and Jordan (2008)],

log P(Y)

Y

log P(Y) — KL[Q(Z), P(Z|Y))]
= /Q(Z) log P(Y,Z) dZ — / Q(2)log Q(Z) dZ
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Variational inference

Lower bound of the log-likelihood. For any distribution Q(Z) [Jaakkola
(2000),Wainwright and Jordan (2008)],

log P(Y)

Y

log P(Y) — KL[Q(Z), P(Z]Y)]
_ / Q(2)log P(Y. Z) dZ — / Q(2)10g Q(2) dZ
Eollog P(Y, 2)] + H[Q(Z)]
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\EUEHILEIRGIEICUIEN  Variational inference

Variational inference

Lower bound of the log-likelihood. For any distribution Q(Z) [Jaakkola
(2000),Wainwright and Jordan (2008)],

Y

log P(Y) log P(Y) — KL[Q(Z), P(Z|Y)]
= / Q(2)log P(Y,Z) dZ — / Q(2)log Q(Z) dZ

Eqllog P(Y, Z)] + H[Q(Z)]

Link with EM. This is similar to
log P(Y) =E[log P(Y,Z)|Y] + H[P(Z|Y)]

replacing P(Z]Y) with Q(Z).
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Variational EM algorithm

Variational EM.

@ M-step: compute R
0 =arg meax]EQ* [log P(Y, Z;0)].
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Variational EM algorithm

Variational EM.

@ M-step: compute R
0 =arg meax]EQ* [log P(Y, Z;0)].

o E-step: replace the calculation of P(Z|Y’) with the search of

Q7(Z) = arg min KL[Q(Z), P(Z|Y)].
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Variational EM algorithm

Variational EM.

@ M-step: compute R
0 =arg meax]EQ* [log P(Y, Z;0)].

o E-step: replace the calculation of P(Z|Y’) with the search of

Q7(Z) = arg min KL[Q(Z), P(Z|Y)].

— Taking Q = {all possible distributions} gives Q*(Z) = P(Z|Y) ... like
EM does.

— Variational approximations rely on the choice a set Q of 'good’ and
"tractable’ ditributions.
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o Veona nerence [
Variational EM for SBM [paudin et ai. (2008)]

Distribution class. Q = set of factorisable distributions:

0=1{Q: Q) =[[ ez, Qi(Z) =]

— The approximate joint distribution is Q(Z;, Z;) = Qi(Zi)Qj(Z)).
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Variational EM for SBM [paudin et ai. (2008)]

Distribution class. Q = set of factorisable distributions:

0=1{Q: Q) =[[ ez, Qi(Z) =]

— The approximate joint distribution is Q(Z;, Z;) = Qi(Zi)Qj(Z)).

The optimal approximation within this class satisfies a fix-point relation:
i o me [ [T (Vi)™
J#i L

also known as mean-field approximation in physics [Parisi (1988)].
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o Veona nerence [
Variational EM for SBM [paudin et ai. (2008)]

Distribution class. Q = set of factorisable distributions:

0=1{Q: Q) =[[ ez, Qi(Z) =]

— The approximate joint distribution is Q(Z;, Z;) = Qi(Zi)Qj(Z)).

The optimal approximation within this class satisfies a fix-point relation:

e ocmic [T T fre( Vi)™

J#i L

also known as mean-field approximation in physics [Parisi (1988)].

Variational estimates.
@ No general statistical guaranty for variational estimates.

@ SBM is a very specific case for which the variational approximation is
asymptotically exact [Celisse et al. (2012),Mariadassou and Matias (2015)].
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Variational Bayes inference

Bayesian perspective.
0 = (m,~) is random.

Model:
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Model:
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0 = (m,~) is random.

Model: a a

e P(9)

e P(Z|n) a
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Variational Bayes inference

Bayesian perspective.
0 = (m,~) is random.

Model:
e P(9)
e P(Z|n)
o P(Yl|v,2)
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Variational Bayes inference

Bayesian perspective.
0 = (m,~) is random.

Model:
e P(9)
e P(Z|n)
o P(Yl|v,2)

Bayesian inference. The aim is then to get the joint conditional distribution of the
parameters and of the hidden variables:

P(8,2]Y).
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Variational Bayes algorithm

Variational Bayes. As P(6,Z]Y) is intractable, one look formula

Q*(6,2) = arg min KL[Q(6. 2)||P(6, 2| V)]

taking, e.g., @ = {Q(6,2) = Qu(0)Qz(2)}

S. Robin (INRA / AgroParisTech) Network analysis with SBM LIP6, Paris 18 / 41



\ELENIHEIRTISICUICIN  Variational Bayes EM

Variational Bayes algorithm

Variational Bayes. As P(6,Z]Y) is intractable, one look formula
Q*(6.2) = arg min KL[Q(0, 2)||P(6.2|Y)]
€

taking, e.g., @ = {Q(6,2) = Qu(0)Qz(2)}

Variational Bayes EM (VBEM). When
e P(Z,Y]0) belongs to the exponential family,
e P(0) is the corresponding conjugate prior,
Q™ can be obtained iteratively as [Beal and Ghahramani (2003)]

log Qf(6) Eq-i[log P(Z,Y,0)], log Q4(Z) x Eqs [log P(Z, Y, 0)].
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\ELENIHEIRTISICUICIN  Variational Bayes EM

Variational Bayes algorithm

Variational Bayes. As P(6,Z]Y) is intractable, one look formula
Q" (6. 2) = arg in KLIQ(0, 2)[P(6.Z|Y)
€
taking, e.g., @ = {Q(6,2) = Q(0)Qz(2)}
Variational Bayes EM (VBEM). When
e P(Z,Y]0) belongs to the exponential family,

e P(0) is the corresponding conjugate prior,

Q™ can be obtained iteratively as [Beal and Ghahramani (2003)]

log Qf(6) Eq-i[log P(Z,Y,0)], log Q4(Z) x Eqs [log P(Z, Y, 0)].

Application to SBM: [Latouche et al. (2012)]
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VBEM: Simulation study [cazal et a/. (2012)]

Credibility intervals: m1: 4, y11: A, Y121 0, Y221 @
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VBEM: Simulation study [cazal et a/. (2012)]

Credibility intervals: m1: 4, y11: A, Y121 0, Y221 @
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SBM analysis of E. coli operon networks
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[Picard et al. (2009)]
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SBM analysis of E. coli operon networks

Meta-graph representation.
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SBM analysis of E. coli operon networks

Meta-graph representation.
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[Picard et al. (2009)]
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Some extensions of SBM

S. Robin (INRA / AgroParisTech) Network analysis with SBM LIP6, Paris 21 /41



Extensions of SBM GLM framework

GLM framework [Mariadassou et al. (2010)]

SBM can be combined with generalized linear models (GLM) to deal with both
valued graphs and covariates.

S. Robin (INRA / AgroParisTech) Network analysis with SBM LIP6, Paris 22 /41



Extensions of SBM GLM framework

GLM framework [Mariadassou et al. (2010)]
SBM can be combined with generalized linear models (GLM) to deal with both

valued graphs and covariates.

Valued graphs. Simply adapt the emission distribution:
(Yi | Zi =k, Zy =€) ~ Fu(-) := F (- vie)

where F = some (parametric) distribution: Bernoulli (regular SBM), Poisson,
Gaussian, etc.
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Extensions of SBM GLM framework

GLM framework [Mariadassou et al. (2010)]

SBM can be combined with generalized linear models (GLM) to deal with both
valued graphs and covariates.

Valued graphs. Simply adapt the emission distribution:
(Yi | Zi =k, Zy =€) ~ Fu(-) := F (- vie)

where F = some (parametric) distribution: Bernoulli (regular SBM), Poisson,
Gaussian, etc.

Covariates. In the context of exponential family, covariates x can be accounted for
via a regression term

gEYj | Zi =k, Zj = ) = vk + xij3

where
@ g stands for the link function (logit, log, identity, etc.);
@ 3 may depend or not on the groups (8 — Sk¢)-
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Tree interaction network

Data: n = 51 tree species,
Xij = number of shared parasites
[Vacher et al. (2008)].
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Tree interaction network

Data: n = 51 tree species,
Xij = number of shared parasites
[Vacher et al. (2008)].
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Extensions of SBM GLM framework

Tree interaction network

ke T1 T T3 T4 T5 T6 T7

T1 14.46 4.19 5.99 7.67 2.44 0.13 1.43

T2 14.13 0.68 2.79 4.84 0.53 1.54

T3 3.19 4.10 0.66 0.02 0.69

. T4 7.42 257 0.04 1.05

Data: n =51 tree species, s 364 023 083
- T6 0.04 0.06

Xjj = number of shared parasites 17 027
[Vacher et al. (2008)] T { 7.8 7.8 13.7 13.7 15.7 19.6 21.6

Model:
Xij ~ P(e™),

Yke = log-mean number of shared

parasites.

Results: ICL selects K = 7
groups that are partly related
with phylums.
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Tree interaction network

ke T1 T2 T3 T4 T5 T6 T7
T1 14.46 4.19 5.99 7.67 2.44 0.13 1.43
T2 14.13 0.68 2.79 4.84 0.53 1.54
T3 3.19 4.10 0.66 0.02 0.69
- T4 7.42 2.57 0.04 1.05
Data: n =51 tree Species, Ts 364 023 083
- T6 0.04 0.06
Xjj = number of shared parasites  + 0.27
[Vacher et al. (2008)] T ‘ 7.8 7.8 13.7 13.7 15.7 19.6 21.6
Model:
129 . "
.. Yke 0o
XU ~ p(e )’ 0 Cotengh Group size and composition
| Magnolophyta
Yke = log-mean number of shared 8-
parasites.
4_
Results: ICL selects K = 7
groups that are partly related
0_

with phylums.

Ll T IK] T T T6 m
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Accounting for taxonomic distance

Model: x;; = distance(/, j)

y,.j ~ P(e'YkE‘F,BXij).
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Extensions of SBM GLM framework

Accounting for taxonomic distance

Model: x; = distance(i, j)
y,.j ~ P(e'YkE‘F,BXij).
Results: B = —0.317.
— for x = 3.82,
7% = 298

— The mean number of shared
parasites decreases with taxo-
nomic distance.
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Extensions of SBM GLM framework

Accounting for taxonomic distance

eike T1 T2 T'3 T'4

T1 0.75 2.46 0.40 3.77

. P T2 4.30 0.52 8.77

Model: x; = distance(i, j) 3 0080 105
T'4 14.22

T 17.7 21.5 235 37.3

. ke+Bxij i ]
Y’J ~ ,P(e‘y U)' B | 0317

Results: E = —0.317.
— for x = 3.82,

eP% — 208

— The mean number of shared
parasites decreases with taxo-
nomic distance.
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Extensions of SBM GLM framework

Accounting for taxonomic distance

Model: x;; = distance(/, j)
i~ 'p(ewﬁﬁx,-j).
Results: 8 = —0.317.
— for x = 3.82,
e’ = 208
— The mean number of shared

parasites decreases with taxo-
nomic distance.

S. Robin (INRA / AgroParisTech)

Network analysis with SBM

ke | T1 T2 T3 T4
T1 0.75 2.46 0.40 377
T2 4.30 0.52 8.77
T3 0.080 1.05
T4 14.22
7 | 177 215 235 373
B ] 20317
20 Group size and composition

O Covipremoyle
B Magnolizpya

15
10 Mean number
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5 5
0
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Extensions of SBM GLM framework

Accounting for taxonomic distance

Model: x;; = distance(/, j)

y,.j ~ P(e'YkE‘F,BXij).

Results: 3 = —0.317.
— for x = 3.82,

7% — 298

—> The mean number of shared
parasites decreases with taxo-
nomic distance.

eNke 1 T2 T3 T'4
T 075 246 040 377
T2 430 052 8.77
T3 0.080 1.05
T'4 14.22
7. | 177 215 235 373
B ] 20317

20 O Coremoyte Group size and composition
B Magnolizpya
15
10 Mean number
of interactions
5 i
0

T T2 3 T4

— Groups are no longer associated with the phylogenetic structure.
— Mixture = residual heterogeneity of the regression.
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(Variational) Bayesian model averaging
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(Variational) Bayesian model averaging

Model choice

Model selection. The number of classes K generally needs to be estimated.
@ In the frequentist setting, an approximate ICL criterion can be derived

K+1), n(n—
|
> %7

ICL:E[IogP(Y,Z)|Y]—;{K( 1)—(K—l)logn}.

@ In the Bayesian setting, exact versions of BIC and ICL criteria can be
calculated as
log P(Y, K), log P(Y, Z, K).

(up to the variational approximation) [Latouche et al. (2012)]
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(Variational) Bayesian model averaging

Model choice

Model selection. The number of classes K generally needs to be estimated.
@ In the frequentist setting, an approximate ICL criterion can be derived

K+1), n(n—
|
> %7

ICL:E[IogP(Y,Z)|Y]—;{K( 1)—(K—l)logn}.

@ In the Bayesian setting, exact versions of BIC and ICL criteria can be
calculated as
log P(Y, K), log P(Y, Z, K).

(up to the variational approximation) [Latouche et al. (2012)]

But, in some applications, it may be useless or meaningless and model averaging
may be preferred.
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Bayesian model averaging (BMA)

General principle. [Hoeting et al. (1999)]
@ A: a parameter that can be defined under a series of different models

{Mklxk.
@ Denote Pk (A|Y) its posterior distribution under model M.

The posterior distribution of A can be averaged over all models as

P(A]Y) =Y P(Mk|Y)Pk(A]Y)
K
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Bayesian model averaging (BMA)

General principle. [Hoeting et al. (1999)]

@ A: a parameter that can be defined under a series of different models
@ Denote Pk (A|Y) its posterior distribution under model M.
The posterior distribution of A can be averaged over all models as

P(A]Y) =Y P(Mk|Y)Pk(A]Y)
K

Remarks.

o wy = P(Mk]|Y): weight given to model Mg for the estimation of A.

o Calculating of wgk is not easy, but variational approximation may help.
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(Variational) Bayesian model averaging

Variational Bayesian model averaging [volant et /. (2012)]

Variational Bayes formulation.
@ M can be viewed as one more hidden layer

@ Variational Bayes then aims at finding

Q*(K,0,2) = arg min KL[Q(K, 0, Z)||P(K, 6, Z]Y)]

with Q = {Q(6, Z2) = Qu(0]|K)Qz(Z|K) Qi (K)}

INo additional approximation w.r.t. the regular VBEM.
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(Variational) Bayesian model averaging

Variational Bayesian model averaging [volant et /. (2012)]

Variational Bayes formulation.
@ M can be viewed as one more hidden layer

@ Variational Bayes then aims at finding

Q*(K.0.2) = arg min KL[Q(K.6,2)||P(K.6,Z|Y)]
with Q = {Q(6, 2) = Qs(01K)Qz(Z|K) Qk(K)}*

Optimal variational weights:

Qi(K) o P(K)exp{log P(Y|K) — KLIQ"(Z.6]K): P(Z.6]Y, K)]}

= P(K|Y)e*KL[Q*(Z,O\K);P(Z,mY,K)]'

INo additional approximation w.r.t. the regular VBEM.
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VBMA: the recipe

For K=1... Kmax

@ Use regular VBEM to compute the approximate conditional posterior
Q;,9|K(Z79|K) = Q;|K(Z|K)Q;|K(0|K);
@ Compute the conditional lower bound of the log-likelihood

Lk = log P(Y|K) — KL[Q*(Z,0|K); P(Z,0]Y, K)].
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@ Use regular VBEM to compute the approximate conditional posterior
Q;,9|K(Z79|K) = Q;|K(Z|K)Q;|K(9|K);
@ Compute the conditional lower bound of the log-likelihood

Lk = log P(Y|K) — KL[Q*(Z,0|K); P(Z,0]Y, K)].

Compute the approximate posterior of model Mg:

wk = Qr(K) x P(K)exp(Lk).
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VBMA: the recipe

For K=1... Kmax

@ Use regular VBEM to compute the approximate conditional posterior
Q;,9|K(Z79|K) = Q;|K(Z|K)Q;|K(9|K);
@ Compute the conditional lower bound of the log-likelihood

Lk = log P(Y|K) — KL[Q*(Z,0|K); P(Z,0]Y, K)].

Compute the approximate posterior of model Mg:

wk = Qr(K) x P(K)exp(Lk).

Deduce the approximate posterior of A:

P(A]Y) ~ Z wi Q; k(A[K)
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Towards W-graphs
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W-graph model

Graphon function ~(z, z')

W graph.
Latent variables:

(Z;) iid ~ Upo 1y,

Graphon function ~:

gamma
(z,2') : [0,1]*> — [0,1]
Edges:

Pr{Y; =1} =(Z, Z)
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Towards W-graphs

Inference of the graphon function

Probabilistic point of view.

@ W-graph have been mostly studied in the probability literature: [Lovisz and
Szegedy (2006)], [Diaconis and Janson (2008)]

o Motif (sub-graph) frequencies are invariant characteristics of a W-graph.

@ Intrinsic un-identifiability of the graphon function + is often overcome by
imposing that u +— [ ~(u, v) dv is monotonous increasing.
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Towards W-graphs

Inference of the graphon function

Probabilistic point of view.

@ W-graph have been mostly studied in the probability literature: [Lovisz and
Szegedy (2006)], [Diaconis and Janson (2008)]

o Motif (sub-graph) frequencies are invariant characteristics of a W-graph.

@ Intrinsic un-identifiability of the graphon function + is often overcome by
imposing that u +— [ ~(u, v) dv is monotonous increasing.

Statistical point of view.

@ Not much attention has been paid to its inference until very recently:
[Chatterjee (2012)], [Airoldi et al. (2013)], ...

@ The latter also uses SBM as a proxy for W-graph.
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SBM as a W-graph model
SBM

Graphon function v2°"(z,2’)

Latent variables:

(U;) iid ~U[0,1]
Zi = Hok—1 < Ui < ox}
where oy = Zif:l .
Blockwise constant graphon:
Nz,2") = Yt

Edges:

Pr{Y; =1} =(Z, Z)

S. Robin (INRA / AgroParisTech) Network analysis with SBM LIP6, Paris 33 /41



Variational Bayes estimation of 7(z, z") [Latouche and R (2013)]

Posterior mean of 722M(z, 2')

VBEM inference provides the approximar
posteriors:

(7]Y) ~ Dir(r")
(welY) =~ Beta(vs, v4r)

Estimate of v(u, v).

M (u,v) = E (Ye@y,cw)Y)

where C(u) =14 >, I{ox < u}.

[Gouda and Szantai (2010)]
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Model averaging

Model averaging: There is no 'true K' in the W-graph model.
Apply VBMA recipe. For K = 1..Kjhayx, fit an SBM model via VBEM and compute

Y&M(2,7') = Eolvc(z),cz))-
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Model averaging

Model averaging: There is no 'true K' in the W-graph model.
Apply VBMA recipe. For K = 1..Kjhayx, fit an SBM model via VBEM and compute

Y&M(2,7') = Eolvc(z),cz))-

Perform model averaging as
Z WKVSBM )

where wg is the variational weights arising from variational Bayes inference.
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LEVEICERESEE  Variational Bayes inference

Some simulations

Variational posterior

Design. Symetric graphon: 1 R N netod | . netad
5| A=1]3f =23} =33 5
32 A-1
7(”7 V) - pA (UV) 3 3 E 3
@ )\ 1: imbalanced graph ’ o B iR

e p1: dense graph
n=316 n=31§ . nh=31 n=316
Results 3 A=11]53 h=2|3 =33 . r=5

@ More complex models as n and A ~ ’ ) ’

@ Posterior fairly concentrated ’ AL ’ n

2 4 6 3 m 2 & 8 3w
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French political blogosphere

Website network. French political blogs: 196 nodes, 1432 edges.
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French political blogosphere

Infered graphon. W(u, v) = E(vy(u, v)|Y)

0.6 0.8 1.0
I I

0.4

0.2

Motif probability can be estimated as well as ji(m) = E(u(m)|Y).
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EVEICERUESEE  Variational Bayes inference

French political blogosphere

Infered graphon. W(u, v) =E(y(u, v)|Y)

Motif probability can be estimated as well as i(m) = E(u(m)|Y).
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Goodness-of-fit using network motif

Goodness-of-fit using network motifs

11O« "

@ Network motifs have sociological interpretation (e.g. triangles).

@ The first moments EN(m), VN(m) of the count are known under SBM [Picard
et al. (2008)]:

EsgnN(m) o< psem(m) = f(0sam)

@ Motif probability can be estimated as

pi(m) = Z Q;(K)IE(NSBM(”’”X’ K)
k

— Goodness of fit criterion
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Network motifs in the blogosphere

Motif Count Mean Std. dev. approx
(x10%) (x10%) (x10%)  p-value

] 207 397 83 089
<] 38 46 13 0.69
L. 608.7  968.3 3368  0.86
—~ 279.8 4289 1540  0.83
| 47.4 745 35.1 0.77
%! 2705  397.0 1770 0.75
| 62.1 87.8 47.4 0.67
X 6.5 8.8 54 061

No specific structure seems to be exceptional wrt the model's expectations.
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Goodness-of-fit using network motif

Conclusion

@ Real networks are heterogeneous.
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... but raise inference problems.

@ Variational approximations help to deal with complex (conditional)
dependency structures.

@ SBM is a special (rare?) case for which guaranties exist as for the
performances of the variational approximation.
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Goodness-of-fit using network motif

Conclusion

@ Real networks are heterogeneous.

o State space models (including SBM) allow to capture such an heterogeneity
... but raise inference problems.

@ Variational approximations help to deal with complex (conditional)
dependency structures.

@ SBM is a special (rare?) case for which guaranties exist as for the
performances of the variational approximation.

@ SBM can be easily generalized to handle weighted graphs and covariates.

@ SBM can be used as a proxy for smoother models, such as W-graphs.
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Goodnes: it using network motif
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