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Networks Topology
Community Structures
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Networks Topology
Community Structures
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H(c) = —Hp — "Zv [“ijA(irj) - 51‘]}‘5 (i, 05)
ije

& Reichardi Bornholdt(2006)

Unweighted Weighted network
network
. wjj =1 wij = w(i, )
Reichardt & Bornholdt o
Bij = TRBPij  Pij = 2
Newman & Girvan ajj =1 wij = w(i, f)
. k?utki)z S;mtsiﬂ
(modularity) Bij =~ Bii = mw]
Traag et al. wij =1 wij = w(i,j)
(CPM) Bij = Ycrm
] - i
Ronhovde & Nussinov i + RN xij = wi,j) + VRN
Bij = TRN
Raghavan et al. ..
& . aj =w(i,j)  Bij=0
(label propagation)




Networks Topology
Community Structures

m
Hym(0) = GouwrH(Gout) + Y, qiinH (Giin)-
k=1

%» Rosval& Bergstrom (2008)

%' Aldecoa& Marin (2011)



Community Detection Algorithm

A Simulated annealing (SA) A Label propagation (LP)

%q Kirkpatrick,Gelatt& Vecchi{1983) % RaghavanAlbert & Kumara (2007)
A Fast modularity A Louvain Method (LM)

% Clauset Newman & Moore (2004) % Blonde] GuillaumelLambiotte et al. (2008
A Fast modularity (+ TCER) A Infomap

% Schuet&: Caflisch(2008) % Rosvallk Bergstrom (2010)



Community Detection Algorithm




Community Detection Algorithm
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Fast community extraction

Input : a graph G(V,E)
Output : a community partition matrix C € RF*”

Initialize C =1, G =0, G =G

while C; # I do

C; + AssiaN(Gy)

Ct « Positive(Cy, Gy)

while 4i € V;,c € G with AH (¢; — i — ¢) > 0 do
Ct +— MaxiMAL(Cy, Gy)
Ct + PosiTive(Cy, Gy)

Gt + AGGREGATE(Gy, Cy)

C =GC




Fast community extraction

function AssicN(G(V, E))
foralli € V do
a(i) = argmax; AH(i — )

end for
T <« graph(V, {(i,a(i))Vi})
Ct + WCC(T)
return C;
Input graph: Assignment graph:
Best
nezghbor
© SCC node

O Branch node




Fast community extraction

function Posttive(Cy, G(V, E))
foralli € V do
g(i)=—AH(c; —i—{})
while i € ¢; with g(i) < 0 do
1, €2 + SPLIT(C;)
forallj € c1Ucy do
g(j) = —AH (cj = j— {})-
Ci =G \{Cf} U {C1,C2}

return C;

Input community: Assignments removal: Final communities:

— P
!
7N




Fast community extraction

Assignment graph: Linked list ordering:
— asslgI. ’@ &= DLL
Lo

%@f —




Fast community extraction

function Maxmar(Cy, G(V, E))
cC=GC
foralli € V do
c; =argmax,AH (C,’ —1— c)
foralli e V,if ¢f #c; do
draw p(i) uniform € [0, 1]
if p(i) < p then
b(i) = branch(i)
if AH(c; — b(i) — ¢f) > 0 then
a(i) = arg max;e AH(i — )
C < insert (b(i),c}) .
return C

Input communities: Optimal correction: Final communities:




Fast community extraction

function Maxmar(Cy, G(V, E))
cC=GC
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Fast community extraction

function Maxmar(Cy, G(V, E))
C=¢
foralli € V do
¢ = argmax, AH (C,’ — i — c)
foralli e V,if ¢f #c; do
draw p(i) uniform € [0, 1]
if p(i) < p then
b(i) = branch(i)
if AH(c; — b(i) — ¢f) > 0 then
a(i) = arg max;e AH(i — )
C < insert (b(i),c}) .
return C

Input communities: Optimal correction: Final community:




Fast community extraction

function Maxmar(Cy, G(V, E))
C=¢
foralli € V do
¢ = argmax, AH (C,' — i — r:)
foralli e V,if ¢f #c; do
draw p(i) uniform € [0, 1]
if p(i) < p then
b(i) = branch(i)
if AH(c; — b(i) — ¢f) > 0 then
a(i) = arg max;e AH(i — )
C < insert (b(i),c}) .
return C

a—2e
Qo ® - > Odd iterations
¥, L
a oy a === Byen iterations




Performance &Accuracy

LFR benchmark model
% Lancichinetti Fortunato &Radicch(2008)

ki k=T ne o
(ki) = (1= ) (k)
e = (") = =t = e

Sth = ]«lwklﬁ

Normalizedmutual information
% Danon DiazGuilera Duch et al. (2005)

2 1(X,Y)
H(X) + H(Y)

NMI(X,Y) =



Performance &Accuracy

LFR benchmark model

Fortunato &Radicch(2008)

% Lancichinett

(b) ur =04

=0.2

(@) pr

(@ pr =08

() ur = 0.6



Performance & Accuracy
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Performance & Accuracy
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Performance & Accuracy
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Application to iImage processing

dip2  IFG-F()?

otherwise

p 7 if d(i, ) < duax, Qalr) =— ¥ {W _ 200

Input picture Human benchmark FCE segmentation




Application to Image processing

d(if)? \F(")*ZF(]')\Z
ok Y i o

0 otherwise




Application to Image processing

dij)2  |F (i)—é? ()[?

e U;% e i lf d(l,]) < dmgx, QA(O') —

0 otherwise

w(i,j) =

5.
Z
",



Application to video tracking

i1,




Application to video tracking




Networks Topology
Role Structure

Tertiary
Consumers

Secondary
Consumers

marten

Primary
Consumers

Pika Rod bredisicd Pacific Edith's  Douglas's
futhatch tree frog  checkerspot squirrel  Mule deer

W Plants, Flowers, Producers

5 Nuts, Seeds, Fruit, ~ and
€ Insects Decomposers
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Role modeling
Pairwisenode similarity

AS AT + AT S A

%Bonde Gajardg Heymans, et al. (2004 —
v  Gajarda Hey - etal. (2004) SkH_HASkATJrATSkAHF'

— | B 2 A\ Imax AT » 4T Imax
%@ Cooper &Barahona(2011) X = [L’Al | [ (BA)™ 1| BA T |... | (bA ) 1]
x-xI
SCB(ijy= T
D ]

. Leicht Hol LiiaN— s5(ii m/\o"g’ 1.
& Leicht Holme& Newman (2006) s (i, ) 50.) + g E( SHEU)




Role modeling
Pairwisenode similarity

V Groups of nodes sharing similar neighborns in the graph

- ncoming/outgoing edges

[=1
pattern: I R
Al A
@ ©

) () pattern: O

Yoo

Ty = AAT + ATA



Role or Block modeling

V Groups of nodes sharing similar neighborhood patterns in the graph

patTterI;: I-1 pattern: O - O
ATATAA AAAT AT

pattern: I - O ® o pattern: O -1
ATAATA @ ® AATAAT

T = AAATAT + AATAAT + ATAATA 1+ ATATAA.



Role or Block modeling

V Groups of nodes sharing similaeighborhood patternsn the graph

2Ny

Y
L
A
PATATAN



Role or Block modeling
Pairwise Similarity Measure

V Groups of nodes sharing similaeighborhood patternsn the graph

g _ i g1,
=1

Dy R 5 R™ T 4[X] = AX AT + ATXA

T, =TxlI],
L, =T [T] =15 [1],
T3 =Ta[To] =T [1],



Role or Block modeling
Pairwise Similarity Measure

V Groups of nodes sharing similaeighborhood patternsn the graph

5=y phri,
(=1
Dy R 5 R™ T 4[X] = AX AT + ATXA

Sk—l—l — PA [[] 4+ (ﬁz)kFTl [I] + (ﬁ2)k+1 FZ—I_I [SO]

v

[Sk+1 =T4 |1+ ﬁsz]]




Pairwise Similarity Measure

Sk = Dall] + -+ (82 T 1]+ (582)" T [S,)
Converges ifp (3°T4 [[]) < 1
FA[X]=AXAT + ATXA =P vec(T4[X]) = (A A+ A" @ A") vec(X)

p(F (A A+A"®A"T)) <1

< e aran
p(A® A+ AT @ AT)

1
T p(A+ AT

N

Sufficientcondition : BQ



Pairwise Similarity Measure
Fixedpoint solution

So =0 S, =AAT + AT A

Sk_|_1 =51 + 62PA [Sk]

—1

vee(S™) = [I — B2 (A@ A+ (A® A)T)} vec (Sy)

5" SCB — 5B

x Exact solution: intractable x Power method: expensivO(n?)



Low rank Approximation

S = x, XTI X e RV

v

Rank3r
Sy =AAT 4+ AT A= [A] AT] [A] AT]"

Truncated SVD|A | A"| ~ U, %, V)"

T T r
S0 =1 [[A4 | AT] [4 | AT]"]
:UlﬂﬁUf:Xle X1 :U121



Low rank Approximation
lterative solutions

S+ 874 |8y = X XT + BAXXT AT + B2AT X X A

=Y. V!

Y, = [X1 | BAX) | BAT X]



Low rank Approximation
lterative solutions

X1 X =109 [V 7]
Yi = [X1 | BAXy | BAT X ]
QR factorization Y. = QiR

(keep the first r columns of);, ) X1 = Qul)

Truncated SVD R ~ UV,

Existence of Fixed Point solution and Guaranteed
local convergence of the sequence for sufficiently sgall !

K 4

» Stewart,Error and perturbation bounds f@ubspaces associated
with certain eigenvalu@roblems [1973]

%



Low rank Projection
Convergence

A small symmetric perturbation and"” low rank fixed point solution

F(8) =8 +82Ta18) ST =10 (f (™)) 50 =ux2UT

U s wvi= [ F |
F(S") + A) = f(S7) + BT a [A]

U VT (8D + B2ria]) [U V)= [ Pu By }

Eo1  Eoo



Low rank Projection
Convergence

UV (s + i) wvi= | 2P|

Eo1 Eao

There exists? € R*" such thatU@ Is an invariant subspace if

0 <4p*|T[A]llp <27, —oi
It implies that HS(“") (0 [f(S““) + A)] HF <A g

y<1if g2 1

< 4|32
HA®A+AT®ATH2(E R +1)

)
r,r Ul,



ErdosReynirandom graphs
with a blockstucture

Ggr(Vg, Eg)

?:aj S VA

(,7) € Eo W.P. Diut

if (R(i), R(j)) € Es




ErdosReynirandom graphs
with a blockstucture
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ErdosReynirandom graphs
Results




ErdosReynirandom graphs
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